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I Extending reduced basis methods
I for parametrized evolution problems

∂t u(x, t;µ)− L(µ)[u(x, t;µ)] = 0

I discretized by first order numerical schemes.
I Focus: non-linear implicit discretizations with Newton schemes.
I Main ingredient: empirical interpolation of discrete operators and its

Fréchetderivatives.
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Outline

I Reduced basis method in pictures
I Empirical interpolation of discrete operators
I Reduced basis scheme with non-linear implicit operators
I A posteriori error estimation
I Numerical results and validation
I Software concept (RBmatlab/dune-rb interface)
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Setting

I parametrized PDEs with parameters for geometry, material, control,. . .
I applications relying on rapid or many repeated computations for different parameters.

Ideas

I Generation of reduced basis space
I Offline/Online decomposition
I A posteriori error estimates
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Parametrised evolution equation

Analytical formulation

Solve
u(x, 0;µ) := u0(x;µ)

∂t u(x, t;µ)− L[u(x, t;µ)] = 0

plus boundary conditions. Solutions u(·, t;µ) live in a (Sobolev) spaceW
for each t ∈ [0, Tmax], µ ∈ P .

W

WN

u(x,t;µ)

Notations
L
W

u(x,t;µ)

LI,LE ,P

WH

{uk
h(µ)}K

k=1

LI,LE ,P

WN

{ak (µ)}K
k=1

WH,WO

uk
N(µ),s(µ)
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Discrete simulations (FV, FE, DG, . . . )

Discretization
Solve

u0
h(µ) := P[u0(x;µ)]

LI(µ,∆tk)[uk+1
h ]− LE (µ,∆tk)[uk

h] = 0,

with ∆t = Tmax
K . Solutions build trajectories in high dimensional discrete

function spaceWH.

WH

WN

UKH(µ)

Notations
L
W

u(x,t;µ)

LI,LE ,P

WH

{uk
h(µ)}K

k=1

LI,LE ,P

WN

{ak (µ)}K
k=1

WH,WO

uk
N(µ),s(µ)
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Discrete simulations (FV, FE, DG, . . . )

Discretization
Because of the parametrized form of the problem, we get a manifold of
solutions

{
uk

h|µ ∈ P, 0 ≤ k ≤ K
}
⊂ WH. This can be approximated by a

linear subspaceWN := span{ϕi}N
i=1.

WH

WN

{UkH(µ)|µ∈P,0≤k≤K}

Notations
L
W

u(x,t;µ)

LI,LE ,P

WH

{uk
h(µ)}K

k=1

LI,LE ,P

WN

{ak (µ)}K
k=1
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space)

Reduced formulation
Solve

a0(µ) := P[u0(µ)]

LI(µ,∆tk)[ak+1]− LE (µ,∆tk)[ak] = 0.

Solutions ak(µ) :=
(

ak
n(µ)

)N
n=1 are vectors in low dimensional space RN.

WH

WN
UKN(µ)

Notations
L
W

u(x,t;µ)

LI,LE ,P

WH

{uk
h(µ)}K

k=1
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space)

Reconstruction
Reconstruct the solution

uk
N(µ) :=

N∑
n=1

ak
n(µ)ϕn ∈ WN

in reduced basis spaceWN or preferably: Evaluate an output functional
s(µ).

WH

WN
UKN(µ)

Notations
L
W

u(x,t;µ)

LI,LE ,P

WH

{uk
h(µ)}K

k=1

LI,LE ,P

WN

{ak (µ)}K
k=1

WH,WO

uk
N(µ),s(µ)
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Ingredients during offline phase

1. Generation of reduced basis spaceWN.

2. Projection of operators LI, LE , P onto RB space resulting in reduced matrices LI, LE , P.

Ingredients during online phase

1. Efficient computation of reduced scheme independently of high dimensional
ingredients.

2. Assuring and measuring reliability of reduced output. (a posteriori error estimates)
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,
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Reduced basis generation

POD-greedy algorithm

I Initialization: Define an initial reduced basisWN0 and a finite training parameter set
Mtrain ⊂ P .

I Iterative extension of basis:
I Find µmax := arg maxµ∈Mtrain maxk

k=0 ‖uk
N(µ)− uk

h(µ)‖ (with efficient a posteriori error
estimates).

I Add principal components of projection error of trajectory trajectory
{

uk
N − uk

h

}K

k=1
to

reduced basis.

I Stop: if error is small enough.
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Affinely decomposed operators

Definition
An operator is called affinely decomposed if it can be written as a sum of products of

I efficiently computable parameter dependent and
I parameter independent parts with affine dependence on the space variable.

Example

An operator LE has the form

LE =

QE∑
q=1

σq(µ)Lq

with Lq linear. Then LE can be efficiently assembled as

LE =

QE∑
q=1

σq(µ)Lq with (Lq)nm =

∫
Rd

Lq[ϕm]ϕn for n,m = 1, . . . ,N.

,
,

Martin Drohmann (mdrohmann@wwu.de)
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Classification of evolution problems

Operator constraints

LI LE

1 linear in space, affinely µ-dependent
2 = Id localized
3 coercive, non-coercive, lin-

ear, non-linear
= Id

4 linear in space localized or: linear in space,
affinely µ-dependent5 localized, nonlinear

I Case 1 is discussed in [Haasdonk&Ohlberger, 2008].
I Case 2 is discussed in [Haasdonk et al., 2008] and [Drohmann et al.,2009]
I Case 3 is discussed in [Grepl, 2005], [Grepl et al., 2008] and [Knezevic et al., 2009]
I Our focus: nonlinear and non-affinely decomposed implicit operators.
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Empirical interpolation: Idea

General operator approximation

Approximate operator evaluations

L(µ)[U] ≈ IM

[
L(µ)

[
uk

h(µ)
]]

=
M∑

m=1

ym(µ; uh(µ))ξm,

where ym(µ) :WH → R are efficiently computable functionals and ξm collateral reduced
basis functions.

,
,
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Empirical interpolation: Idea

General operator approximation

Approximate operator evaluations

L(µ)[U] ≈ IM

[
L(µ)

[
uk

h(µ)
]]

=
M∑

m=1

ym(µ; uh(µ))ξm.

Empirical interpolation[Barrault et al, 2004]

I collateral reduced basisWCRB
M spanned by operator evaluations

qm = L(µm)
[

ukm
h (µm)

]
,m = 1, . . . ,M for suitably chosen parameters µm ∈ P and

time steps km

I coefficient functionals ym(µ; U) = L(µ)[U](xm) are exact operator evaluations at
interpolation points (xm)M

m=1.

I CRB functions ξm are nodal in interpolation points, such that ξm(xn) = δnm.
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Empirical interpolation: in pictures

Base functions:

x

y

0.5 1.0

0.5

1.0 ξ1

x

y

0.5 1.0

0.5

1.0 q2

l1(µ)[uhµ)]l2(µ)[uhµ)]

x1x2

x

y

0.2 0.4 0.6 0.8 1.0

1.0

2.0

3.0

4.0

5.0

IM[L(µ)][uhµ)]

L[uhµ)]
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Collateral reduced basis generation

CRB generation algorithm

I Initialization: Compute training set Ltrain :=
{

L(µ)[uk
h(µ)]|k = 0, . . . , K, µ ∈ Mtrain

}
I Iterative extension of basis m− 1→ m:

1. For all vh ∈ Ltrain find best approximation v∗ := arg min
w∈WCRB

m−1
‖w − vh‖.

2. Find worst approximated snapshot vm := arg maxvh∈Ltrain ‖vh − v∗‖.
3. Compute residual of approximation rm.
4. Define new interpolation point and basis function: xm := arg supx |rm(x)|, qm := rm

rm(xm)

I Stop: if error is small enough.

,
,

Martin Drohmann (mdrohmann@wwu.de)



liv
in
g
kn
ow

le
dg
e

W
W
U
M
ün
st
er

WESTFÄLISCHE
WILHELMS-UNIVERSITÄT
MÜNSTER 13 /31

Efficient online evaluations

The coefficient functionals ym can be computed efficiently during online phase, if
I operator has localized structure (small stencil) and
I local geometry information is precomputed in offline phase (local grid)
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Example

Burgers problem

∂t u−∇up = 0 with periodic boundary conditions

(i) initial data snapshot (T = 0), (ii) snapshot for p = 2 at T = 0.3, (iii) snapshot for p = 1.5 at T = 0.3

Empirical interpolation of LE :

0 0.5 1 1.5 2
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Interpolation points/DOFS for operator no.1
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Derivative of empirical interpolation

Observation

IM [DL(uh)] [vh] =
M∑

m=1

Dym(uh) [vh] ξm

Definition

I Dof mapping Φ : RH →WH,U := {Ui}H
i=1 7→

∑H
i=1 Uiψi.

I Discrete operator L̄ : RH →WH given by L̄[U] := L ◦ Φ[U].

,
,
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Derivative of empirical interpolation

Observation

IM
[
DL̄(U)

]
[V] =

M∑
m=1

∇ȳm(U) · Vξm

=
H∑

i=1

M∑
m=1

∂i ȳm(U)Viξm =
∑
i∈τ

M∑
m=1

∂i ȳm(U)Viξm,

where τ ⊂ {1, . . . ,H} is smallest subset such that above equation is true.

Definition
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Non-linear implicit operator

Newton method
Define the defect

vk+1,ν+1
h := uk+1,ν+1

h − uk+1,ν
h

and solve

DLI(uk+1,ν
h )[vk+1,ν+1

h ] = −LI[u
k+1,ν
h ]− LE [uk

h],

for each k = 0, . . . , K − 1 and each Newton step ν = 0, . . . , S(k) with

uk+1
h := uk+1,0

h := uk,S(k)
h .
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Non-linear implicit operator II

Reduced basis scheme

GA(Uk+1,ν
N )(ak+1,ν+1 − ak+1,ν) = RHS(ak+1,ν , ak),

with A(UN) and G defined by

(A(UN))m,n :=
M∑

i=1

∂iym(UN)ϕn(xi) and (G)n,m =

∫
Ω
ξmϕn.

The assembling of A(UN) costsO(MN ·MN) and multiplication with G has costs ofO(NMN).
In addition this is still independent of H.
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A posteriori error estimator

Idea

I Find estimator ∆N,M(µ) that bounds error ‖uk
h(µ)− uk

N(µ)‖ ≤.
I It should be computed efficiently during online-phase.⇒ usage in POD-greedy

algorithm.
I Assume there is an M′ > 0 such that empirical interpolation is exact, i.e.

L(µ)[uk
N] ∈ WM+M′

,
,
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A posteriori error estimator (purely explicit scheme)

Residuum

Rk :=
1

∆t

(
uk−1

N − uk
N −∆tIM

[
LE (µ)[uk

N]
])
.

Its norm can be efficiently computed by

∆t2‖Rk‖2
L2(Ω) =∥∥∥ak−1(µ)− ak(µ)

∥∥∥2
− 2∆t

(
ak−1(µ)− ak(µ)

)t
CE lE (µ)[ak(µ)]

+ ∆t2(lE (µ)[ak−1(µ)])tMlE (µ)[ak−1(µ)]

with reduced matrices CE and M.
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A posteriori error estimator (purely explicit scheme)

Definition

∆k
N,M(µ) :=

k∑
k′=1

∆tCk−k′
L

(√
‖Q̃t

M′W
t Q̃M′‖‖

(
θk′−1

M+1 (µ), . . . , θk′−1
M+M′ (µ)

)
‖

+ ‖Rk′ (µ)‖L2(Ω)

)
,

with suitable matrices QM′ and W , such as EI-error estimates {θk′
M=m(µ)}M′

m=1 given by the
linear equation system

M′∑
m=1

θk′
M+m(µ)qM+m = LE [uk′

N ]− IM[LE [uk′
N ]]
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Convection-diffusion equation with parametrized ge-
ometry

The reduced basis space must not depend on the parameter.

Therefore, we introduce a reference geometry Ω̂ and a diffeomorphic mapping
Φ(µ) : Ω̂→ Ω(µ) for every parameter.

As a test case we choose a general (maybe nonlinear) convection-diffusion-reaction
equation on parametrized geometries.

∂t u(x, t;µ)−∇ · (K∇u(x, t;µ))− b · ∇u(x, t;µ)− ru(x, t;µ) = 0 in Ω(µ

µ

)× [0, Tmax].
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Therefore, we introduce a reference geometry Ω̂ and a diffeomorphic mapping
Φ(µ) : Ω̂→ Ω(µ) for every parameter.

As a test case we choose a general (maybe nonlinear) convection-diffusion-reaction
equation on parametrized geometries.
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Geometry transformation

Transformed heat equation

The special case of a transformed linear heat equation with a scalar diffusion factor k(µ)
results in a PDE with (anisotropic) diffusion, convection and a reaction term:

∂t û− k(µ)∇ · (GGt∇û) + k(µ)∇ · (vû)− k(µ)(∇ · v)û = 0 in Ω̂× [0, Tmax],

with notations

x̂ := Φ−1(x), û(x̂, t) := u(Φ(x̂), t),

G(x̂) := DΦ−1|Φ(x̂), v(x̂) := G(x̂) (∇x̂ · G(x̂)) .
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Finite volume scheme

Challenges

I The geometry transformation introduces a diffusion tensor.
I For non-affine geometry transformations the discrete operators do not depend affinely

on the parameter.⇒ Empirical interpolation of the purely explicit discretization
operator (case 2) or the implicit and explicit operators (case 4).

Numerical scheme for transformed heat equation

I Discretization with a semi-implicit finite volume scheme on a structured grid with
gradient reconstruction. [Drblíková&Mikula, 2007]

I Implicit discretization of diffusion term.
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Results
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Results I

M=1

M=220
M=510

M=800

N

L2(Ω)−error

0 5 10 15 20

10−1

10−2

10−3

Figure: RB error convergence on 100 test samples

dimension time [s]

H = 40000 24.3675
N = 7,M = 267 1.2224
N = 7,M = 800 2.0501
N = 14,M = 267 1.246
N = 14,M = 800 2.104
N = 20,M = 267 1.2707
N = 20,M = 800 2.1127

Table: average time measurements on 100 test
samples

Number of base functions inWH: 40000
Time gain factor for online phase: ≈ 10
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RB generation with a posteriori error estimates
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Figure: “true” error decrease for RB generated with
different estimators.
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Figure: error estimator decrease for RB generated
with different estimators.
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Results II (purely explicit FV scheme)
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Results II 0 5 10 15 20 2510−210−1
Figure: RB error convergence on 100 test samples for growing basis size N at different CRB dimensions M.

Number of base functions inWH: 8000
Number of detailed simulations in offline-phase: 16
Time gain factor for online phase: 5
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Software concept

high dim computa-
tion

communication of
low dim data

low dim computa-
tion

Control structures

• parameter

• model

Offline data

• reduced basis space

• grid

• high dim operators
Visualization

Reconstruction

dune-rb

comsol

dune

others

Solvers

Server

Network

Client

Reduced simulation

Error estimators

Visualization control Reduced basis generation

• greedy

RBmatlab

direct mexfunction
usage
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Thanks!
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